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We showed eariler that a regular simple graph of even order satisfying d(G) 2 4 IV(G)1 
was the union of edge-disjoint l-factors. Here we improve this to regular simple graphs of even 
order satisfying d(G) 3 i(fi- 1) IV(G)(. 
1. Introduction 
The graphs we shall consider will be simple, that is they will have no multiple 
edge or loops. An edge-colouring of a graph is a map @: E(G)+ %, where 5% is a 
set of colours and E(G) is the set of edges of G, such that no two incident edges 
receive the same colour. The chromatic index x’(G) of G is the least value of I%] 
for which an edge-colouring of G exists. A well-known theorem of Vizing [7] 
states that 
A(G) s x’(G) c A(G) + 1, 
where A(G) is the maximum degree of G. Graphs for which A(G) = x’(G) are 
said to be Class 1, and otherwise they are Class 2. A regular Class 1 graph is 
often called l-factorizable, as it is the union of edge-disjoint l-factors. 
For a regular graph G, let us denote the common degree of the vertices by 
d(G). A well-known conjecture which may be due to G.A. Dirac (he told one of 
us that it was ‘going around’ in the early 1950s) is as follows. 
Conjecture 1. A regular graph of even order satisfying 
d(G) 3 t IV(G)1 
b l-factorizable. 
The present authors took the first significant step towards solving this 
conjecture by proving it with the more restrictive bound d(G) 2 4 IV(G)1 in [l]; 
they actually proved it with d(G) 2 0.849 I V(G)I. Here we improve this to 
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d(G) * 2 1 V(G)1 ; in fact again we prove a slightly stronger bound, namely 
d(G) 2 0.823 IV(G)l. 
In a regular graph G of even order on vertices ur, . . . , vZn, let pij =p,(G) be 
the number of paths in G, the complement of G, of length 2 which join ui and uj, 
and let p =p(G) = maxi,ipij. Clearly p cd(G) = IV(G)1 -d(G) - 1. 
First we prove the following result. 
Theorem 1. Let G be a regular graph of even order satisfying 
d(G) > 2 IV(G)] - @ - a. 
Then G is l-factorizable. 
By proving an easy bound on p we obtain the following corollary. (Note that 
z = 0.833 and $(fl - 1) = 0.823.) 
Theorem 2. Let G be a regular graph of even order satisfying 
d(G) 3 ;(I/? - 1) IV(G)l. 
Then G is l-factorizable. 
For the case when p = IV(G)1 - d(G) - 1, Theorem 1 reduces to Theorem 3. 
Theorem 3. Let G be a regular graph of even order containing two vertices which, 
in G’, are joined by IV(G)1 - d(G) - 1 paths of length 2. Furthermore, let 
d(G) z= 2 IV(G)( + !. 
Then G is l-factorizable. 
Let Gd be the subgraph of a graph G induced by the vertices of degree 
A = A(G). We call Gd the core of G. A very useful result, due to Fournier [5], is 
that if G, is a forest, then G is Class 1. As a preliminary to our proof of Theorem 
1, we extend Fournier’s theorem. A general discussion of the possibilities for 
extending Fournier’s theorem was provided by Hoffman and Rodger in [6]; see 
also [2] and [3]. 
2. Preliminary results 
For a vertex v in a graph G, let d*(v) denote the number of vertices of G of 
maximum degree to which v is adjacent. The following lemma was proved in [l]. 
l-Factorizing regular graphs 105 
Lemma 1. For a graph G, let e E E(G) be incident with w E V(G). Let d*(w) s 1. 
Then 
and 
A(G - e) = A(G) +x’(G - e) = x’(G) 
A(G - w) = A(G) +x’(G - w) = x’(G). 
The next lemma is a well-known result of Dirac [4]. 
Lemma 2. Let G be a graph whose minimum degree 6(G) satisfies 
S(G) 2 4 IV(G)(. 
Then G possesses a Hamiltonian circuit. 
3. Extensions of Foumier’s theorem 
We first prove the following theorem. Define a proper tree to be a tree with at 
least one edge. 
Theorem 4. Let the connected components of Gd be G,(l), . . . , G,(r). For each 
ie{l,..., r} assume that G,(i) consists of disjoint proper trees T,, . . . , T+) 
which are rooted on a graph Hi, where, for each j E (1, . . . , s(i)}, Hi f~ Ti is a 
single vertex Vii (the root vertex), and such that GA(i) \ V( TI U . . . U T-,,J contains 
no edges. Then G is Class 1. 
The type of graph permitted for a GA(i) is illustrated in Fig. 1. 
In the particular special case when each ?&j is a single edge, Theorem 4 was 
used (without being explicitly stated) in [l]. 
Proof of Theorem 4. We first colour all the edges of G\E(G,) with A(G) 
colours. Since the only vertices of degee A(G) in this graph are non-adjacent, it 
follows from Fournier’s theorem that this is possible. For each i we colour all the 
edges of Hi using Vizing’s fan argument; we first colour the edges of the subgraph 
of Hi induced by vii, . . . , v+), using vertices in {vi1 , . . . , V,(i)} as pivots, and then 
we colour the remaining edges of Hi, using the vertices of V(Hi)\ {Vii, . . , v,(,)} 
as pivots. Finally we colour the edges of each Tj as follows. We may order the 
edges e,, . . . , e, of a tree ~j so that el is incident with uij, and, for 1 c k s t, the 
edges e,, , . . , ek induce a subtree. We then colour el, . . . , e, in that order using 
Vizing’s fan argument, always choosing as pivot the vertex of ek which is 
non-adjacent to any of the vertices of e,, . . . , ek--l. 0 
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Fig. 1. A connected component of the graph Gd of Theorem 4. 
Next we show that Theorem 4 can be extended. 
Theorem 5. Let GA be the edge-disjoint union of two graphs B and Rd having the 
following properties. 
(9 If R,(l), . . . , R*(r) are the connected components of RA, then for each 
i E {l,L. . . , r}, R*(i) consists of disjoint proper trees q,, . . . , T+) which are 
rooted on a graph Hi, where, for each j E { 1, . . . , s(i)}, Hi II r7 is a single vertex 
Vii (the root vertex), and such that Rd(i) \ V(z, U * * . U &so) contains no edges. 
(ii) The graph B is bipartite and has the property that the set of all proper trees 
ri can be written in an order T,, . . . , T, such that the edges of B join vertices of 
V(Tk) \ {vk} to vertices vI with k < 1, where vk and vI denote the root vertices of Tk 
and z respectively. 
Then G is Class 1. 
In the theorem above, the hypotheses on Rd are the same as the ones on GA in 
Theorem 4. The graph B and the trees T,, . . . , TP are illustrated in Fig. 2 in the 
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Fig. 2. The graphs B together with trees T,, . , T, in the case when T,, , T, each consists of one 
edge, and p = 5. 
case where each Tk consists of a single edge (this is, incidentally, the special case 
we shall use in the proof of Theorem 1). 
Proof of Theorem 5. Adapting the proof of Theorem 4, first we colour the edges 
of G\E(G,). Then we colour the edges of I-I,, . . . , H,.. Then we colour the edges 
of B, using Vizing’s fan argument with the vertices on the trees T,, . . , T, as 
pivots. Finally we colour the edges of the trees as before, but colour them strictly 
in the order T,, . . . , T,. 0 
4. The proof of Theorem 1 
Let G be a regular graph of order 2n and degree 
d = d(G) 2 2 IV(G)/ - & - 4. 
Let w, II* E V(G) be such that the number of paths of length two between w and 
2r* in G is _E. Let W be the set of vertices of maximum degree in G. Then G - w 
has 2n - 1 vertices, 1 WJ = 2n - d - 1 of them having degree d, and the remaining 
d of them having degree d - 1. The vertex Y * is non-adjacent to p of the vertices 
of W. Thus d*(v*) = IWI -p or IWI -p - 1. 
Let X be a set of IWl -@ - 1 vertices of V(G - w) which are non-adjacent 
to v*; as there are in G - w at least I WI - 1 vertices non-adjacent to Y*, such 
a set X does exist. Let s = 1x1 = IWI -f? - 1. Let q = ((XU W)\{v*}l6 
((W(-~-l)+(W(=2(W(-~-1=4n-2d-~-3. 
Now consider the subgraph H of G - w induced by (X U W) \ {v*}. Let M,, be 
a set of edges of H forming a maximal matching, and let m = (i&l. Let 
(XuM)\{v*} =LUR, 
where L rl R = 0, IL1 = m, and where each edge of MO joins a vertex of L to a 
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vertex of R. Let L* = L U {v*} and let H* be the subgraph of G - {w} induced 
by L* U R. Let the elements of L* be denoted by 11, . . . , Im+l, where Z,+, = v*, 
and let the elements of R be denoted by r,, r,+I, . . . , r,,,, where t = 2m - q + 1 
(so t may be negative). Suppose that 
M” = {I,r,, . . . , ZJ,}. 
Let E+ consist of all edges of H*, except those of the form liri, where i <i, and 
those with both endvertices in R. 
We now observe that E+ is contained in the union of q edge-disjoint matchings 
of the complete graph on V(H*), M:, . . . , M4+, where M,? is defined as follows: 
M+ = {l,r,_j, 12r2--i, . . Ir_.l r . ) m m 1) m+l m+l--r .} , if 1 C i < 1 - t, 
MiC = {l~li+l-~, bli+f--2, . . . 2 ll(i+l--1)/2]ll(i+t-_1)/*1+1} 
U {4+r,, h+l+lrr+l, . . 1 r -. 1 . 9 m m I2 m+lrm+l-i , > 
if2-tCism+l-t, 
M+ = {l._ 1 1. J I m+r-  m+l7 r--m+ In, . . . ) ~~(i+t-1)/*~~r(i+t-l)121+1}, 
ifm+2-tsisq. 
Notice that Uy=r MT contains all the edges of the complete graph on the 
vertices of V(H*) except for the edges of MO, the edges with both endvertices in 
R, and .the edges which join 1, E L to q E R with i <j. Finally we notice that 
IM’I+(q+2-i) (lcicq). 
The matchings MT (1 c i c q) are illustrated in Fig. 3. 
“I. 
-0 
l r1 
c f tII m+l orm-l l r m 
l<i<l-t - - 2-t<i<m+l-t - - m+2-t(i<q - 
Fig. 3. The matchings MT (1 s i c 9). 
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Let W, be a set of s elements of W which are adjacent to v*. (Recall that there 
are either s or s + 1 such elements.) Let the vertices of X be x1, . . . , x, and the 
vertices of W, be wl, . . . , IV,. If an edge xw is in MO with x E X and w E W,, we 
may suppose that x E R and w E L. We may moreover suppose that 1,, . . . , I,, 
r . . . ) r,, Xl, . . . 7 xs, Wl, . . . , w, are labelled so that, for 1 S j s s - 1, xi comes 
before wj in the list (r,, . . . , r,, II, . . . , 1,). (In fact, except in the case when 
each edge of M,, joins either two vertices of X or two vertices of W,, we could 
suppose that x, comes before w, also.) 
We now construct matchings MT (1 s i S q + 1) by slightly modifying the MT. 
If x, comes before w,, define MT = MT (1 s i c q) and M:+l = $J. 
If x, comes after w,, then we may suppose that V*W, E MG for some i,,. If xc, is 
not incident with any edge in M,:, then define MT = MT (1 s i c q) and 
M* q+l = C#J. If there is an edge in MC incident with x0, say einr then define 
MT=M:ifi~{l,..., q>\{io), Mi:;=M~,\{ci,} and M:+i = {eiO>. 
Note that 
IM;I+(q+3-k) (lsksq+l). 
A rreur l-factor F of G - w is a set of t(lV(G - w)j - 1) independent edges of 
G - w. We say that the vertex which is not incident with any edge of F is 
“missed” by F. We choose q + 1 edge-disjoint near l-factors F,, . . . , F,,, of 
G - w such that 
E+n(M;lJ- --UM:)EF~U-.- U Fk (lck=sq + l), 
M,n(F,U. 4JF,+,)=O 
and furthermore. 
and 
if V*W, E Mz for some (1, . . . , s}, then v*y E Fk and Fk misses xi, 
if V*Wi 4 Mk for all i E { 1, . . . , s}, then Fk misses v*. 
To choose Fk (1 s k c q + l), suppose that F,, . . . , Fk_-l have been chosen 
already. Let 
Mk=(E+flM;)\(FIU...UFk--lUMO). 
Then 
IM;I+q+3-k) (l~k~q+l). 
Consider 
Gk--l = (G - w)\(F, U a.. U Fk--l U MO). 
We choose Fk to be a near l-factor of Gk_, containing Mk and missing xi if 
v*wi EMU for some i E (1,. . . , s}, or missing V* if v*wi $ Mk for all ie 
(1,. . . ) s}. 
Let V(M,J denote the set of vertices of G which are incident with the edges of 
Mk, and define Gz-r by Gz_i = Gk_,\V(Mk). To see that we can choose Fk in the 
way described, we apply Lemma 2 (Dirac’s theorem) to show that Gz_i has a 
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Hamiltonian circuit. We have 
6(G,*_,) > (d - 1) - {(k - 1) + l} - jV(M,JI = d -k - 1 - IV(M,JI. 
Also 
t IV(G,Z-4 = +WG-,)I - IVWdO 
= i(2n - 1 - lV(M,)I}. 
= n - $- 3 IV(M,)I. 
Therefore 
6(G:_,) - 1 IV(G:_,)l 2 d -k - 1 - IV(M,)I - n + 2 + $ IV(M,)I 
=d-n-k-&4)V(M,J( 
ad-n-k-&+(q+3-k) 
=d-n-$q-$k-2 
ad-n-q-2 
ad-n-(4n-2d-p-3)-2 
=3d-5n+p+; 
2 0, 
since d 5 s(2n) - $p - 4. Therefore by Lemma 2, Gz_-l does have a Hamil- 
tonian circuit. It follows that Gk_i contains a near l-factor Fk which contains i& 
and misses xi if V*y E Mz for some i E { 1, . . . , s}, or misses V* if u* wi $ M: for 
all i l (1, . . . , s}. It is easy now to check that Fk has all the various properties 
required of it. 
Let J = {i: 6 misses v*}. The graph ((G - w)\(F, U.. . U F,+,))\{v*} has 
core of the form of Theorem 5, with each tree TY just consisting of a single edge. 
Therefore ((G - w)\(F, U * * * U F,+J)\{v*} is Class 1. The graph 
(((G - w)\(F, U . - . U F,+,))\{v*}) U {&: i EJ} 
= ((G - w)\{E: i E (1,. . . , q + l}\J})\{v*} 
is therefore Class 1. By Lemma 1, it now follows that 
(G - w)\{e: i E (1,. . . , q + l}\J} 
is Class 1. It therefore follows that G - w is Class 1. In any edge-colouring of 
G - w with d(G) colours, it is easy to see by counting that each colour is missing 
from exctly one vertex. Therefore an edge-colouring of G - w can be extended to 
an edge-colouring of G. Thus G is Class 1. 
This completes the proof of Theorem 1. 0 
5. The proof of Theorem 2 
The argument in the last section improved our result from 4 IV(G)1 to 
2 IV(G)l, an improvement of 4 - 2 = 0.024. In this section we use a counting 
argument to improve our bound further by about 0.01. 
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First we give a bound on p. 
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Lemma 3. 
p > (2n - d - 1)(2n - d - 2) 
2n-1 . 
Proof. Each vertex in (? is the centre of G of (” -$- ‘) paths of length 2. There 
are therefore altogether 2n(2” -$- ’ ) paths of length two in G. Therefore the 
average number of paths of length two joining an arbitrary pair of vertices is 
2n 2n-d-l 
( 2 > = (2n - d - 1)(2n - d - 2) 
2n 
( > 
2n-1 ’ 
2 
Clearly p is greater than or equal to this average number. This proves Lemma 
3. cl 
Proof of Theorem 2. From Theorem 1 and Lemma 3, it follows that if 
d(G) 3 (82n) - (4) 
(2n - d - 1)(2n - d - 2) 
(2n-1) -” 
then G is Class 1. After multiplying out and simplifying, the inequality becomes 
d2+2nd-(6n2-s)aO, 
so that 
d 2 -n + v{7n2 - $}. 
suffices. Therefore G is l-factorizable if 
d 2 +(fi - 1) IV(G)l. 
This proves Theorem 2. 0 
6. The proof of Theorem 3 
If we substitute p = IV(G)1 - d(G) - 1 into the inequality d(G) 3 $, IV(G)1 - 
$ - & we obtain the inequality d(G) 3 $ IV(G)1 + j. 0 
Acknowledgement 
The authors would like to thank the referee for suggesting various improve- 
ments to the text, and, in particular, for spotting a rather serious blemish. 
112 A.G. Chetwynd, A.J. W. Hilton 
References 
[l] A.G. Chetwynd and A.J.W. Hilton, Regular graphs of high degree are l-factorizable, Proc. 
London Math. Sot. (3) 50 (1985) 193-206. 
[2] A.G. Chetwynd and A.J.W. Hilton, A A-subgraph condition for a graph to be Class 1, J. 
Combinat. Theory (B), 46 (1989) 37-45. 
[3] A.G. Chetwynd, A.J.W. Hilton and D.G. Hoffman, On the A-subgraph of graphs which are 
critical with respect to the chromatic index, J. Combinat. Theory (B), to appear. 
[4] G.A. Dirac, Some theorems on abstract graphs, Proc. London Math. Sot. (3) 2 (1952) 69-81. 
[S] J.-C. Fournier, Colorations des a&es d’un graphe, Cahiers de CERO, 15 (1973) 311-314. 
[6] D.G. Hoffman and C.A. Rodger, Class one graphs, J. Combinat. Theory (B) 44 (1988) 372-376. 
[7] V.G. Vizing, On an estimate of the chromatic class of a p-graph (in Russian), Diskret. Analiz. 3 
(1964) 25-30. 
